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Abstract
We solve the existence problem for generalized Bhaskar Rao designs of block size 3 for an
inﬁnite family of non-abelian groups, the dihedral groups Dn; of order 2n: In our main result
we show that for nX1 and vX3 the following set of conditions is necessary and sufﬁcient for
the existence of a GBRDðv; 3; l; DnÞ:
1. l  0 ðmod 2nÞ;
2. lvðv  1Þ  0 ðmod 24Þ:
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
The dihedral group, Dn; is the group of symmetries of a regular n-gon. It has order
2n and we consider it to be represented as follows:
Dn ¼ /a; r : rn ¼ a2 ¼ 1; ar ¼ rn1aS:
The subgroup structure of dihedral groups is well known. We note, for instance, the
following two properties:
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Lemma 1. The Sylow 2-subgroups of Dn are cyclic if and only if n is odd.
Lemma 2. If m is a proper divisor of n then Dn has a cyclic normal subgroup of order
n=m; K say, KDCn=m; such that the factor group is dihedral (of order 2m). That is,
Dn=KDDm:
The existence problem for generalized Bhaskar Rao designs, GBRDs, of block size
3 over a group G; GBRD(v; 3; l;G), is the determination of a set of necessary and
sufﬁcient conditions on v and l for the existence of such designs over G with these
parameters. For the cyclic group, G ¼ C2; the problem was solved by Seberry [18].
For G ¼ C4; the problem was solved by de Launey et al. [5]. For some other classes
of abelian groups the problem was solved by Lam and Seberry [13] and Seberry [19].
Very recently Ge et al. [10] have completed the solution for all ﬁnite abelian groups.
The existence problem in the case of non-abelian groups remains unsolved,
although there are solutions for some particular groups. Palmer and Seberry [16]
solved the problem for the dihedral groups D3; D4; D6; the dicyclic group Q4 and the
abelian group C2  C4: Combe et al. [4] have solved the problem for A4; the
alternating group of order 12. Abel et al. [1] have recently solved the problem for
the dicyclic group Q6 and the cyclic group C12 which were the ﬁnal groups of order at
most 12 for which the problem remained to be settled.
In this paper we solve the existence problem for GBRDs of block size 3 for an
inﬁnite family of non-abelian groups, the dihedral groups. In our main result we
show that for nX1 and vX3 the following set of conditions is necessary and
sufﬁcient for the existence of a GBRD(v; 3; l; Dn):
1. l  0 ðmod 2nÞ;
2. lvðv  1Þ  0 ðmod 24Þ:
We note that, since Dn has order 2n; the condition l  0 ðmod 2nÞ arises
immediately. The constraint lvðv  1Þ  0 ðmod 24Þ arises from the fact that Dn
always has a subgroup of index 2 so that if a GBRD(v; 3; l; Dn) exists there must be a
GBRD(v; 3; l; C2). We show that there are no other constraints on the existence of a
GBRD(v; 3; l; Dn).
We also exhibit a few new GBRDs of block size 4 over D3 and C6; two of which
are used in the proof of our main result stated in Theorem 29.
2. Generalized Bhaskar Rao designs
Deﬁnition 3. Let G be a ﬁnite group of order g; written multiplicatively, and 0eG be
a zero symbol. We deﬁne a generalized Bhaskar Rao design GBRDðv; b; r; k; l;GÞ to
be a v  b matrix each entry of which is either 0 or an element of G such that:
1. each row has exactly r group element entries and exactly b  r zeros;
2. each column has exactly k group element entries and exactly v  k zeros;
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3. for each pair of distinct rows ðx1; x2;y; xbÞ and ðy1; y2;y; ybÞ consider the
columns in which both rows have non-zero entries. The list
xiy
1
i : i ¼ 1; 2;y; b; xia0; yia0;
contains each element of the group l=g times.
We note immediately that l  0 ðmod gÞ; vXk and lprpb:
If v4k; replacing the group element entries in a GBRDðv; b; r; k; l;GÞ by 1 and
leaving the other entries as 0, produces a (0,1)-matrix which is an incidence matrix
for a balanced incomplete block design, BIBDðv; b; r; k; lÞ: It is well known that the
ﬁve numbers v; b; r; k and l for a balanced incomplete block design, are not
independent: they satisfy the relations bk ¼ vr and lðv  1Þ ¼ rðk  1Þ: For a GBRD
in which v ¼ k; there are no zero entries and b ¼ r ¼ l; so the relations: bk ¼ vr and
lðv  1Þ ¼ rðk  1Þ still hold. Thus it is usual to denote the GBRDðv; b; r; k; l;GÞ by
the shorter notation GBRDðv; k; l;GÞ:
Example 4 (Palmer and Seberry [16]). The following is a GBRDð5; 10; 8; 4; 6; D3Þ:
A ¼
1 a r 0 1 1 r2 1 0 r2a
1 1 a r 0 r2a 1 r2 1 0
0 1 1 a r 0 r2a 1 r2 1
r 0 1 1 a 1 0 r2a 1 r2
a r 0 1 1 r2 1 0 r2a 1
2
6666664
3
7777775
:
Note that in the GBRD in Example 4 the number of columns, b ¼ 10; and each
entry of the array belongs to f1; r; r2; a; ra; r2ag,f0g: Consider, for example, the
rows 2 and 3 of A: The list: 1:11 ¼ 1; a:11 ¼ a; r:a1 ¼ ra; 1:ðr2aÞ1 ¼ r2a; r2:11 ¼
r2; 1:ðr2Þ1 ¼ r contains each of the elements of D3 the same number of
times.
We also observe that no GBRDð5; 10; 8; 4; 6;GÞ exists when G is the cyclic group
of order 6 [9].
3. Generation of a GBRD from initial blocks
Some generalized Bhaskar Rao designs can be developed from a set of GBRD
initial blocks. See, for example, [17], and also [4]. The design in Example 4 was
developed from the blocks ð01; 11; 3r; 4aÞ and ð01; 1r2a; 31; 4r2Þ which were developed
mod ð5; D3Þ: In general, if we ﬁrst develop the initial blocks using certain
automorphisms to obtain the BIBDðv; k; lgÞ; and secondly develop them over G;
then we obtain a ðk; lÞ-GDD of type gv in which G acts regularly on each group of
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the group divisible design. For more information on group divisible designs and
other designs, see [3].
Example 5. A GBRDð8; 4; 6; D3Þ can be given as follows:
1 r 0 0 1 0 r2a 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 1 0
r 1 0 0 0 1 0 r2a 0 1 0 1 0 1 0 1 0 1 0 1 a r2a 0 0 1 0 ra 0
0 0 1 r 1 0 r 0 ra 0 r 0 0 r2a 0 a 0 1 0 r r2a r2 0 0 0 1 0 1
0 0 r 1 0 1 0 r 0 ra 0 r r2a 0 a 0 1 0 r 0 r2 ra 0 0 0 1 0 r2a
r 0 ra 0 1 r 0 0 0 r2 r2 0 ra 0 a 0 0 a 0 ra 0 0 1 1 r2a 0 0 r2
0 r 0 ra r 1 0 0 r2 0 0 r2 0 ra 0 a a 0 ra 0 0 0 r2a ra r2a 0 0 ra
1 0 1 0 0 0 1 r r 0 0 ra r2 0 0 r a 0 0 r2a 0 0 1 r2a 0 r ra 0
0 1 0 1 0 0 r 1 0 r ra 0 0 r2 r 0 0 a r2a 0 0 0 r2a r 0 r 1 0
2
66666666666664
3
77777777777775
:
The structure of this design can be seen from the initial blocks of the
corresponding 4-GDD of type 68: Take the points to be ax; bx; cx; dx for xAC2 
D3: For each of the ﬁrst ten blocks below, develop the ﬁrst coordinate of the
subscripts mod 2 and the second coordinate over D3; for each of the last eight blocks
(which are short blocks), develop only the second coordinate over D3: All these short
blocks have the form ðtf ; tg; um; unÞ where (i) mf 1 ¼ ng1; (ii) mg1 ¼ nf 1; and
(iii) gf 1 and nm1 are both elements of order 2 in C2  D3 (but since D3 is non-
abelian, gf 1 and nm1 are not necessarily equal):
fað0;1Þ; að1;rÞ; cð0;rÞ; dð0;1Þg;
fað0;1Þ; bð0;1Þ; cð0;1Þ; cð1;rÞg;
fað0;1Þ; bð0;raÞ; cð1;r2Þ; dð0;rÞg;
fað0;1Þ; bð1;r2aÞ; cð0;raÞ; dð0;r2Þg;
fað0;1Þ; bð1;1Þ; cð1;aÞ; dð0;aÞg;
fbð0;1Þ; bð1;rÞ; cð0;raÞ; dð0;1Þg;
fað0;r2aÞ; bð0;rÞ; dð0;rÞ; dð1;1Þg;
fað0;1Þ; bð0;rÞ; cð0;r2Þ; dð1;raÞg;
fað0;1Þ bð1;aÞ; cð0;aÞ; dð1;rÞg;
fað0;1Þ; bð1;rÞ; cð1;raÞ; dð1;ra2Þg;
fað0;1Þ; að1;aÞ; bð0;r2aÞ; bð1;r2Þg;
fcð0;1Þ; cð1;r2aÞ; dð0;1Þ; dð1;r2aÞg;
fað0;1Þ; að1;1Þ; cð0;r2aÞ; cð1;r2aÞg;
fað0;1Þ; að1;raÞ; dð0;raÞ; dð1;1Þg;
fað0;1Þ; að1;r2aÞ; bð0;r2Þ; bð1;raÞg;
fcð0;1Þ; cð1;raÞ; dð0;r2aÞ; dð1;rÞg;
fbð0;1Þ; bð1;1Þ; dð0;rÞ; dð1;rÞg;
fbð0;1Þ; bð1;r2aÞ; cð0;r2Þ; cð1;raÞg:
Example 6. In [9] the existence of a GBRDð8; 4; 6; C6Þ was undetermined. Here we
obtain a GBRD with these parameters in a similar manner to the previous one. For
the corresponding 4-GDD of type 68; the points are ax; bx; cx; dx for xAC2  C6;
and the initial blocks are given below. This time, for the ﬁrst 12 blocks, we develop
the ﬁrst coordinate of the subscripts ðmod 2Þ and the second coordinate ðmod 6Þ; for
the last four blocks, which are short blocks, we only develop the last coordinate
ARTICLE IN PRESS
R.J.R. Abel et al. / Journal of Combinatorial Theory, Series A 106 (2004) 145–157148
ðmod 6Þ: The reason we have used fewer short blocks than in the previous design is
that C6 has only two elements whose square is the identity, while D3 has four.
fað0;0Þ; að1;5Þ; cð0;1Þ; dð0;0Þg;
fað0;3Þ; bð0;3Þ; cð0;0Þ; cð1;4Þg;
fað0;0Þ; bð0;5Þ; cð1;4Þ; dð0;1Þg;
fað0;0Þ; bð1;4Þ; cð0;0Þ; dð0;4Þg;
fað0;0Þ; bð1;2Þ; cð1;0Þ; dð0;5Þg;
fað0;0Þ; að1;4Þ; bð0;4Þ; bð1;5Þg;
fbð0;0Þ; bð1;2Þ; cð0;2Þ; dð0;3Þg;
fað0;3Þ; bð0;5Þ; dð0;0Þ; dð1;1Þg;
fað0;0Þ; bð0;3Þ; cð0;2Þ; dð1;2Þg;
fað0;0Þ; bð1;1Þ; cð0;4Þ; dð1;0Þg;
fað0;0Þ; bð1;3Þ; cð1;3Þ; dð1;3Þg;
fcð0;0Þ; cð1;1Þ; dð0;2Þ; dð1;4Þg;
fað0;0Þ; að1;0Þ; cð0;5Þ; cð1;5Þg;
fað0;0Þ; að1;3Þ; dð0;2Þ; dð1;5Þg;
fbð0;0Þ; bð1;0Þ; dð0;4Þ; dð1;4Þg;
fbð0;0Þ; bð1;3Þ; cð0;1Þ; cð1;4Þg:
4. Construction theorems
Let v and l be positive integers and let K be a set of positive integers. A pairwise
balanced design, or PBD, denoted by PBDðv; K; lÞ; is an arrangement of the v
elements of a set X into a collection of (not necessarily distinct) subsets (called
blocks) of X ; for which: (i) each pair of distinct elements of X appears together in
exactly l blocks and (ii) if a block contains exactly k elements of X then k belongs to
K : From Bennett et al. [2, p. 206] we have the following two lemmas:
Lemma 7. For vX3; va6; there exists a PBDðv; f3; 4; 5; 8g; 1Þ:
Lemma 8. For vX3; va6; v  0; 1 ðmod 3Þ; a PBDðv; f3; 4g; 1Þ exists.
We use several construction theorems which are based on PBDs and subgroup
structure.
Theorem 9. Given a PBDðv; K ; lÞ; and for each kAK ; a GBRDðk; j; m;GÞ; we can
construct a GBRDðv; j; lm;GÞ:
Theorem 10. Suppose that N is a normal subgroup of a finite group G: Then, given a
GBRDðv; k; l;G=NÞ and a GBRDðk; j; m;NÞ we can construct a GBRDðv; j; lm;GÞ:
Hence, by Lemma 2, we have
Corollary 11. Suppose that m divides n: Then, given a GBRDðv; k; l; DmÞ and a
GBRDðk; j; m; Cn=mÞ; we can construct a GBRDðv; j; lm; DnÞ:
Theorems 9 and 10 can be viewed as immediate consequences of the construction
theorem in [4,15]. Theorem 9 was ﬁrst proved in [6,7]. Theorem 10 was ﬁrst proved in
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[14]. After Corollary 20 we give a detailed example of the construction in Theorem
10. Theorems 9 and 10, together with Corollary 11 will be exploited extensively in
this paper. We also note that if jNj ¼ 1 in Theorem 10, then the required
GBRDðk; j; m;NÞ is just a BIBDðk; j; mÞ:
We also use the following result on groups of odd order which is a consequence of
Theorem 10 and the observation that such groups are solvable.
Theorem 12 (Palmer [14, p. 225]). Suppose that G is a group of odd order. Then there
exists a GBRDð3; 3; l;GÞ for all l  0 ðmod jGjÞ:
5. The necessary conditions
Let vX3: For a GBRDðv; 3; l; DnÞ to exist there must exist a BIBDðv; 3; lÞ: Hanani
in [12] showed that a BIBDðv; 3; lÞ exists if and only if:
lðv  1Þ  0 ðmod 2Þ;
lvðv  1Þ  0 ðmod 6Þ:
Since the order of Dn is 2n we require
l  0 ðmod 2nÞ:
Given a GBRDðv; 3; l;GÞ; a GBRDðv; 3; l;HÞ can be constructed by applying an
onto group homomorphism y : G-H entrywise. In particular, we have
Theorem 13 (Gibbons and Mathon [11, Theorem 2]). Let N be a normal subgroup of
G; and suppose a GBRDðv; 3; l;GÞ exists. Then a GBRDðv; 3; l;G=NÞ exists.
Therefore, as CnvDn and Dn=CnDC2; for a GBRDðv; 3; l; DnÞ to exist we require
the existence of a GBRDðv; 3; l; C2Þ: By Seberry [18], for vX3; there exists a
GBRDðv; 3; l; C2Þ if and only if
l  0 ðmod 2Þ;
lvðv  1Þ  0 ðmod 24Þ:
In summary, for vX3; as the condition l  0 ðmod 2nÞ implies the condition lðv 
1Þ  0 ðmod 2Þ; we see that a GBRDðv; 3; l; DnÞ can exist only if:
l  0 ðmod 2nÞ; ð14Þ
lvðv  1Þ  0 ðmod 24Þ: ð15Þ
6. Existence result for Dn; n  1; 5 ðmod 6Þ
Theorem 16. Suppose n  1; 5 ðmod 6Þ: Then for vX3; a GBRDðv; 3; 2nt; DnÞ exists if
and only if tvðv  1Þ  0 ðmod 12Þ:
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Proof. From Eq. (15), we see that for vX3 a necessary condition for the existence of
a GBRDðv; 3; 2nt; DnÞ is tvðv  1Þ  0 ðmod 12Þ:
By Theorem 12, since n is odd, a GBRDð3; 3; n; CnÞ exists. Also from Seberry [18],
there exists a GBRDðv; 3; 2t; C2Þ for vX3 whenever tvðv  1Þ  0 ðmod 12Þ: So
observing that the factor group Dn=CnDC2 and applying Theorem 10 we see that a
GBRDðv; 3; 2nt; DnÞ exists for vX3 whenever tvðv  1Þ  0 ðmod 12Þ: &
7. Existence result for Dn; n  3 ðmod 6Þ
Theorem 17. Suppose n  3 ðmod 6Þ: Then for vX3; a GBRDðv; 3; 2nt; DnÞ exists if
and only if one of the following conditions holds:
1. t  1 ðmod 2Þ; v  0; 1 ðmod 4Þ; or
2. t  0 ðmod 2Þ:
Proof. Set n ¼ 6s þ 3: Here n is odd; therefore by necessary condition (15), the
existence of a GBRD(3; 3; 2nt; DnÞ implies t  0 ðmod 2Þ: We can rewrite the
necessary condition (15) as 6tð2s þ 1Þvðv  1Þ  0 ðmod 24Þ:
This condition, together with the requirement that t is even when v ¼ 3; implies
that a GBRD(v; 3; 2nt; DnÞ exists only if:
1. t  1 ðmod 2Þ and v  0; 1 ðmod 4Þ; or
2. t  0 ðmod 2Þ:
By Theorem 12, a GBRDð3; 3; 2s þ 1; C2sþ1Þ exists. So applying Corollary 11 we
see that a GBRDðv; 3; 2nt; DnÞ; n  3 ðmod 6Þ; exists if a GBRDðv; 3; 6t; D3Þ exists.
However, from Palmer and Seberry [16], a GBRDðv; 3; 6t; D3Þ exists if and only if:
t  1 ðmod 2Þ and v  0; 1 ðmod 4Þ; or t  0 ðmod 2Þ: &
8. Existence result for Dn; n  0 ðmod 2Þ
Throughout this section n  0 ðmod 2Þ; so set n ¼ 2m: We ﬁrst consider the
parameter constraints in the necessary condition (15). For a GBRDðv; 3; 4mt; D2mÞ
to exist we require 4mtvðv  1Þ  0 ðmod 24Þ: This is equivalent to
mtvðv  1Þ  0 ðmod 3Þ: ð18Þ
Theorem 19. There exists a GBRDð3; 3; 2n; DnÞ if and only if n is even.
Proof. If n is odd, then by Theorems 16 and 17, a GBRDð3; 3; 2n; DnÞ does not exist.
If n is even, then put n ¼ 2m: Recall that r2m ¼ 1; a2 ¼ 1; r2m1a ¼ ar:
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The matrix X ¼ ½A^B^C^D is a GBRDð3; 3; 2n ¼ 4m; D2mÞ; where:
A ¼
1 1 1 y 1
1 r r2 y rm1
a ra r2a y rm1a
2
64
3
75; B ¼
1 1 1 y 1
rm rmþ1 rmþ2 y r2m1
1 r2m1 r2m2 y rmþ1
2
64
3
75;
C ¼
1 1 1 y 1
a ra r2a y rm1a
r r2 r3 y rm
2
64
3
75;
D ¼
1 1 1 y 1
rma rmþ1a rmþ2a y r2m1a
r2m1a r2m2a r2m3a y rma
2
64
3
75: &
Corollary 20. If n  0 ðmod 4Þ; then a GBRDð4; 3; 2n; DnÞ exists.
Proof. Let n ¼ 4s where s is a positive integer. The factor group D4s=D2sDC2: By
Seberry [18], a GBRDð4; 3; 2; C2Þ exists. We construct a GBRDð4; 3; 2n; DnÞ by
Theorem 10 using a GBRDð3; 3; 4s; D2sÞ (see Theorem 19) and a
GBRDð4; 3; 2; C2Þ: &
Example 21 (Illustration of coset construction theorem). We illustrate the
construction of Theorem 10 by giving the details of the construction of a
GBRDð4; 3; 8; D4Þ as outlined in Corollary 20.
Recall that D4 ¼ /a; r : r4 ¼ a2 ¼ 1; ar ¼ r3aS: The subgroup generated by a
and r2; K ¼ /a; r2SDD2 is a normal subgroup of D4: The quotient group
D4=KDC2: The cosets of K in D4 are ½1 ¼ f1; a; r2; r2ag and ½r ¼ fr; ra; r3; r3ag:
The matrix X below is a GBRDð4; 3; 2; D4=KÞ: From Theorem 19 the matrix Y is a
GBRDð3; 3; 4; KÞ:
X ¼
½1 ½1 ½1 0
½1 ½r 0 ½1
½1 0 ½r ½r
0 ½r ½1 ½r
2
6664
3
7775; Y ¼
1 1 1 1
1 r2 a r2a
a 1 r2 r2a
2
64
3
75:
We now form the matrix W from the matrices X and Y : This is achieved by
replacing each entry, ½1 or ½r; of X by a row vector which is a multiple of a row of
Y : When replacing an entry in X by a multiple of a row of Y ; the multiple can be any
element of the coset being replaced. Therefore, in the ﬁrst column of X replace the
ﬁrst non-zero entry, ½1; by the row vector kð1; 1; 1; 1Þ; where k can be chosen to be
any element of the coset ½1 and where ð1; 1; 1; 1Þ is the ﬁrst row of Y : We choose
k ¼ 1 and get the row vector 1ð1; 1; 1; 1Þ ¼ ð1; 1; 1; 1Þ: In the ﬁrst column of X
replace the second non-zero entry, ½1; by the row vector 1ð1; r2; a; r2aÞ ¼
ð1; r2; a; r2aÞ; where ð1; r2; a; r2aÞ is the second row of Y and so on. This process is
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repeated for the remaining 3 columns of X : The last entry replaced is the third non-
zero entry of the last column of X : We replace this entry, ½r; by the row vector
rða; 1; r2; r2aÞ ¼ ðra; r; r3; r3aÞ: Finally, we replace each zero entry of X by the row
vector ð0; 0; 0; 0Þ: The resulting matrix, W ; is a GBRDð4; 3; 8; D4Þ:
W ¼
1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0
1 r2 a r2a r r3 ra r3a 0 0 0 0 1 1 1 1
a 1 r2 r2a 0 0 0 0 r r3 ra r3a r r3 ra r3a
0 0 0 0 ra r r3 r3a a 1 r2 r2a ra r r3 r3a
2
6664
3
7775:
If we choose different multiples we obtain a different GBRDð4; 3; 8; D4Þ: For
example if our ﬁrst choice is k ¼ r2 and the other choices are the same the result is
W ¼
r2 r2 r2 r2 1 1 1 1 1 1 1 1 0 0 0 0
1 r2 a r2a r r3 ra r3a 0 0 0 0 1 1 1 1
a 1 r2 r2a 0 0 0 0 r r3 ra r3a r r3 ra r3a
0 0 0 0 ra r r3 r3a a 1 r2 r2a ra r r3 r3a
2
6664
3
7775:
We note that since we are replacing 12 different entries of X and each time there is
a choice of 4 multipliers, we can obtain many different examples of a
GBRDð4; 3; 8; D4Þ by using the coset construction theorem and designs X and Y :
Theorem 22. If n ¼ 2m; then for i ¼ 0; 1;y; m  1; the following initial blocks
generate a GBRDð6; 3; 4m; D2mÞ: The points of the corresponding GDD of type ð4mÞ6
are elements of ðC5,fNgÞ  D2m: Develop the first coordinates over C5; and the
second coordinates over D2m:
fðN; 1Þ; ð0; riÞ; ð1; r2mi1Þg; fðN; 1Þ; ð0; riaÞ; ð2; r2mi1aÞg;
fð0; 1Þ; ð1; r2iÞ; ð4; rmi1aÞg; fð0; 1Þ; ð2; r2iþ2Þ; ð3; rmi2aÞg:
8.1. Existence result for Dn; n a power of 2
Theorem 23. Let n ¼ 2p41 and vX3: A GBRDðv; 3; 2nt; DnÞ exists if and only if at
least one of the following conditions holds:
1. v  0; 1 ðmod 3Þ; or
2. t  0 ðmod 3Þ:
Proof. From Eq. (18) these conditions are necessary. To show the conditions are
sufﬁcient, we may restrict attention to the cases t ¼ 1 and 3, since for other t we can
take multiple copies of designs with t ¼ 1 or 3.
First consider t ¼ 1 and v  0; 1 ðmod 3Þ: For v ¼ 3 or 6, a GBRDðv; 3; 2pþ1; D2pÞ
exists by Theorems 19, and 22, respectively.
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By Corollary 20, a GBRDð4; 3; 2pþ1; D2pÞ exists for pX2: Further, observing that
D2DC2  C2; we see, by Seberry [19], that a GBRDð4; 3; 4; D2Þ exists.
By Lemma 8, a PBDðv; f3; 4; 6g; 1Þ exists for all v  0; 1 ðmodÞ 3; therefore by
Theorem 9, a GBRDðv; 3; 2pþ1; D2pÞ exists for all such v:
Now we consider the case t ¼ 3: If v ¼ 3; 4; or 6, a GBRDðv; 3; 3 2pþ1; D2pÞ can
be obtained by taking 3 copies of the GBRDðv; 3; 2pþ1; D2pÞ above. For v ¼ 5 or 8, a
GBRDðv; 3; 3 2pþ1; D2pÞ is obtainable by Corollary 11, using a BIBDðv; 4; 3Þ and a
GBRDð4; 3; 2pþ1; D2pÞ:
For other vX3; we can apply Theorem 9, noting by Lemma 7 that there exists a
PBDðv; f3; 4; 5; 6; 8g; 1Þ for all vX3: &
8.2. Existence result for Dn; n  2; 4 ðmod 6Þ
Theorem 24. Let n  2; 4 ðmod 6Þ and vX3: A GBRDðv; 3; 2nt; DnÞ exists if and only
if at least one of the following conditions holds:
1. v  0; 1 ðmod 3Þ; or
2. t  0 ðmod 3Þ:
Proof. We have n ¼ 2qþ1u; for some qX0 and u  1; 5 ðmod 6Þ: From this, together
with Eq. (18), the above conditions are necessary.
For all t; by Theorem 19, a GBRD(3; 3; 2nt; DnÞ exists.
For v43; we note by Theorem 12, a GBRDð3; 3; u; CuÞ exists. Therefore, for all
n  2; 4 ðmod 6Þ; Corollary 11 gives us that a GBRDðv; 3; 2nt; DnÞ exists if a
GBRDðv; 3; 2qþ2t; D2qþ1Þ exists. By Theorem 23, a GBRDðv; 3; 2qþ2t; D2qþ1Þ exists if
and only if: (1) t  1; 2 ðmod 3Þ and v  0; 1 ðmod 3Þ or (2) t  0 ðmod 3Þ: &
8.3. Existence result for Dn; n  0 ðmod 6Þ
Example 25. The following is a GBRDð6; 4; 6; D3Þ: It was obtained by
computer, taking the 15 distinct size 4 subsets of a size 6 set, and signing them
one by one:
1 1 1 1 1 1 1 1 1 1 0 0 0 0 0
ra a 1 r r2 r2a 0 0 0 0 1 1 1 1 0
r a ra 0 0 0 r2 1 r2a 0 a r2 r 0 1
1 0 0 r ra 0 r2 a 0 r2a r2 r2a 0 r r
0 1 0 ra 0 r2 r2a 0 a r r2 0 r 1 r2
0 0 r 0 a r2 0 1 ra r2a 0 1 a r2 a
2
666666664
3
777777775
:
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Lemma 26 (Gallant et al. [8]). For all sX1; a GBRDð4; 3; 2s; C2sÞ exists.
Proof. Choose c to be a generator of C2s: The matrix X ¼ ½A ^B^C ^D is a
GBRDð4; 3; 2s; C2sÞ; where:
A ¼
1 1 1 y 1
1 c c2 y cs1
1 c2 c4 y c2ðs1Þ
0 0 0 y 0
2
6664
3
7775; B ¼
1 1 1 y 1
cs csþ1 cðsþ2Þ y c2s1
0 0 0 y 0
cs cs1 cs2 y c
2
6664
3
7775;
C ¼
1 1 1 y 1
0 0 0 y 0
c c3 c5 y c2s1
csþ1 csþ2 csþ3 y 1
2
6664
3
7775; D ¼
0 0 0 y 0
1 1 1 y 1
cs csþ1 csþ2 y c2s1
c c3 c5 y c2s1
2
6664
3
7775: &
Theorem 27. Let vX3 and n  0 ðmod 6Þ: Then for all tX1; a GBRDðv; 3; 2nt; DnÞ
exists.
Proof. Set n ¼ 6s: As n is even, by Theorem 19, a GBRDð3; 3; 2nt; DnÞ exists. Here
the necessary condition in Eq. (18) is satisﬁed for all t:
If s is odd, a GBRDð3; 3; s; CsÞ exists by Theorem 12. For all vX3; there exists a
GBRDðv; 3; 12t; D6Þ for all tX1 by Palmer and Seberry [16]. So, for all vX3 and
tX1; a GBRDðv; 3; 2nt; DnÞ exists by Corollary 11.
For s even, we ﬁrst consider the cases v ¼ 5; 6 and 8. For these v; we have a
GBRDðv; 4; 6; D3Þ by Examples 4, 25 and 5. Further, a GBRDð4; 3; 2st; C2sÞ exists
for all tX1 by Lemma 26, hence by Corollary 11 we have a GBRDðv; 3; 12st; D6sÞ for
v ¼ 5; 6 and 8. We also have a GBRDðv; 3; 12st; D6sÞ for tX1; s even and v ¼ 3; 4 by
Theorem 19 and Corollary 20. Therefore, since a PBDðv; f3; 4; 5; 6; 8g; 1Þ exists for
all vX3 by Lemma 7, Theorem 9 gives us a GBRDðv; 3; 12st; D6sÞ for tX1; s even
and all vX3: &
9. Conclusion
Combining Theorems 16,17,24 and 27, gives the following theorem:
Theorem 28. For n; tZ1; and vX3:
1. If n  1; 5 ðmod 6Þ; then a GBRD(v; 3; 2nt; DnÞ exists if and only if: tvðv  1Þ 
0 ðmod 12Þ;
2. If n  3 ðmod 6Þ; then a GBRD(v; 3; 2nt; DnÞ exists if and only if: either t 
0 ðmod 2Þ; or t  1 ðmod 2Þ and v  0; 1 ðmod 4Þ;
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3. If n  2; 4 ðmod 6Þ; then a GBRDðv; 3; 2nt; DnÞ exists if and only if: either t 
0 ðmod 3Þ; or v  0; 1 ðmod 3);
4. If n  0 ðmod 6Þ; a GBRDðv; 3; 2nt; DnÞ exists.
This can be summarized to give our Main Result.
Theorem 29. For nX1 and vX3 the following set of conditions is necessary and
sufficient for the existence of a GBRDðv; 3; lDnÞ:
1. l  0 ðmod 2nÞ;
2. lvðv  1Þ  0 ðmod 24Þ:
In the course of proving Theorem 29 we found new GBRDs of block size 4 over
D3; and C6 which are exhibited as Examples 5,6 and 25. The ﬁrst two of these are
examples of developing GBRDs from long and short blocks.
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